In this paper, by using the concentration-compactness principle and the variational method, we obtain a multiplicity result for Kirchhoff-type problems involving critical growth in bounded domains. MSC: 35J70; 35B20
Introduction
In this paper we deal with the existence and multiplicity of solutions to the following Kirchhoff- More precisely, Kirchhoff proposed a model given by the equation On the other hand, there are many papers concerned with the following quasilinear elliptic equations:
Such equations arise in various branches of mathematical physics and they have been the subject of extensive study in recent years. In [] , by a change of variables the quasilinear problem was transformed to a semilinear one and an Orlicz space framework was used as the working space, and they were able to prove the existence of positive solutions of (.) by the mountain-pass theorem. The same method of a change of variables was used in [] , but the usual Sobolev space H  ( ) framework was used as the working space and one studied a different class of nonlinearity. In [], the existence of both one sign and nodal ground state-type solutions was established by the Nehari method. Motivated by the reasons above, the aim of this paper is to show the existence of infinitely many soliton solutions of problem (.), and there exists a sequence of infinitely many arbitrarily small soliton solutions converging to zero by using a new version of the symmetric mountain-pass lemma due to Kajikiya [] .
Note that ( * ) behaves like a critical exponent for the above equations; see [] . For the subcritical case, the existence of solutions for problem (.) was studied in [-] and it was left open for the critical exponent case; see [] . To the best of our knowledge, the existence of non-trivial radial solutions for (.) with h(u) = μu ( * )- was firstly studied by To the best of our knowledge, the existence and multiplicity of soliton solutions to problem (.) has never been studied by variational methods. As we shall see in the present paper, problem (.) can be viewed as an elliptic equation coupled with a non-local term. The competing effect of the non-local term with the critical nonlinearity and the lack of compactness of the embedding of although the idea was used before for other problems, the adaptation of the procedure to our problem is not trivial at all; because of the appearance of a non-local term, we must consider our problem for a suitable space and so we need more delicate estimates. Our main result in this paper is the following.
Theorem . Suppose that h(x, u) satisfies the following conditions:
Then there exists λ * >  such that for any λ ∈ (, λ * ), problem (.) has a sequence of non-
Preliminary lemmas
The energy functional corresponding to problem (.) is defined as follows:
where
It should be pointed out that the functional J is not well defined in general, for instance, in H   ( ). To overcome this difficulty, we employ an argument developed by Colin and Jeanjean [] . We make the change of variables v = f - (u), where f is defined by
The following result is due to Colin and Jeanjean [] (see also [] ).
Lemma . The function f satisfies the following properties:
(f  ) There exist positive constants C  and C  such that
So after this change of variables, we can write J(u) as
The auxiliary result of this paper is as follows. http://www.boundaryvalueproblems.com/content/2014/1/210
Theorem . Suppose that h(x, s) satisfies the following conditions:
Then there exists λ * >  such that for any λ ∈ (, λ * ), problem (.) has a sequence of non-
We recall the second concentration-compactness principle of Lions [] . 
where S is the best Sobolev constant, i.e. S = inf{ |∇v|
Dirac measures at x j and μ j , ν j are constants.
Under assumptions (H  ) and (H  ), we have
which means that, for all ε > , there exist a(ε), b(ε) >  such that
Hence,
for some c(ε) > . Proof Let {v n } be a sequence in H   ( ) such that
Thus, we can deduce that w n ≤ c v n . By (.) we have
By (.) and (.), we have
Then by (.), we have
Setting ε = /Nλ, we get
where o() →  and M is a some positive number. On the other hand, by (.) and (.), we have
Therefore, the inequalities (.) and (.) imply that {v n } is bounded in
Thus, there exist measures μ and ν such that |∇f
Let x j be a singular point of the measures μ and ν. We define a function φ(
On the other hand, by the Hölder inequality and (f  ) in Lemma ., we have
Similarly, we have
From the inequalities (.), (.), and (.), together with the following facts:
(ii) Similar to the proof of (.), it follows that
We get
Combining this with Lemma ., we obtain ν j ≥  - aSν   * j . This result implies that
If the second case ν j ≥ ( - aS) N  holds, for some j ∈ I, then by using the Hölder inequality, we have
By using inequality (.), we get
in the measure sense and Lemma .(i), we have
where ε = /Nλ. This is impossible. Consequently, ν j =  for all j ∈ I and hence
Thus, from the weak lower semicontinuity of the norm and f ∈ C ∞ we have 
Existence of a sequence of arbitrarily small solutions
In this section, we prove the existence of infinitely many solutions of (.) which tend to zero. Let X be a Banach space and denote := A ⊂ X \ {} : A is closed in X and symmetric with respect to the origin .
For A ∈ , we define genus γ (A) as
If there is no mapping ϕ as above for any m ∈ N , then γ (A) = +∞. Let k denote the family of closed symmetric subsets A of X such that  / ∈ A and γ (A) ≥ k. We list some properties of the genus (see [, ] ).
Proposition . Let A and B be closed symmetric subsets of X which do not contain the origin. Then the following hold. () If there exists an odd continuous mapping from
() Then n-dimensional sphere S n has a genus of n +  by the Borsuk-Ulam theorem.
The following version of the symmetric mountain-pass lemma is due to Kajikiya [] . 
Then either (R  ) or (R  ) below holds.
, and {v k } converges to a non-zero limit.
Remark . From Lemma . we have a sequence {u k } of critical points such that J(u k ) ≤ , u k =  and lim k→∞ u k = .
In order to get infinitely many solutions we need some lemmas. Let ε =  ( * )λ , from (.) we have
Furthermore, there exists λ * :=
positive maximum, that is, there exists
such that
Therefore, for e  ∈ (, e  ), we may find R  < R  such that Q(R  ) = e  . Now we define
Then it is easy to see χ(t) ∈ [, ] and χ(t) is C ∞ . Let ϕ(v) = χ( v ) and consider the perturbation of J(v):
From the above arguments, we have the following. 
Lemma . Let G(v) is defined as in (.). Then

